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Introduction 

Stravinsky himself made the drawing below. It is a fun, yet interesting, representation of his 

view of the evolution of music. His sketches show the increasing complexity of the music, 

especially when studying the last hundred and fifty years. 

 

 

 

 

 

Theory has not always adjusted fast and good enough along the way, and its methods several 

times seem inadequate for the more contemporary works. After the extreme chromaticism of the late 

Romantic period, the return to a form of modalism, the advent of alternatives to tonality at the 

beginning of the XXth century, then the coexistence of many different trends (sometimes radically 

different), the revival of Classical forms but with the influence of modern times, etc., it looked like 

necessary for Paul Hindemith to come up with a more comprehensive text to help students to master 

the vast harmonic vocabulary at their disposal. He published The Craft of Musical Composition in 1937.  

Some twenty years later, Howard Hanson, a college professor with extensive experience 

with composition students concluded that it was necessary a basic text that could give the young 

composer the necessary guidance for studying the material of the art and for showing how it could 

be used. Thus, he published Harmonic Materials of Modern Music in 1960. 

A generation apart, both composers/educators have very different approaches but yet, one 

same goal: to master the harmonic materials. First themselves, and then providing a path for their 

students and future composers. This work will highlight the main points of both books will 

compare some aspects of them. Then, a piece by a third composer will be analyzed with insights 

from both theories. 
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Paul Hindemith 

The Medium 

After describing in the introduction of his book, the historical problems 

that have often led to what he calls “confusion in the technique of composition”, 

interspersing his own experience as both a composer and a teacher, Paul 

Hindemith focuses in the second part of the book on the nature of the sound. He 

explains general concepts related to the overtone series, how each frequency is 

calculated in this series, the first attempts to form scales and the necessity to 

sacrifice purity in order to have polyphony: the tempered tuning.  

Hindemith addresses the problem of the Pythagorean comma and proposes a new method to 

determine the frequencies of the overtone series more accurately, including the problem of the 

seventh overtone. For the purpose of this paper, I will not go deeper into the first part of his book, 

focusing myself on the following part. 

Series 1 and 2 

Given a tone, Hindemith sustains that an octave higher stands in so close a relationship that 

it is difficult to have a distinction between the two. After this interval, the perfect fifth higher than 

the given tone is the most closely related, then follow the perfect fourth, the major sixth, the major 

third, the minor third, the minor sixth, the major second, the minor seventh, the minor second 

and the major seventh. This is what he called series 1. As the distance in this series increases, the 

relationship with the first tone diminishes. He does not include the tritone, though he says that at 

the distance of an augmented fourth or diminished fifth, the relationship between the two tones is 

almost inexistent. 

 

                          
series 1 

  

 

Paul Hindemith 
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The equivalent in musical notation 
¥Jntrrvals direc<ly produced 

I: 
/ • 

\\'e then take another tone and move it in a steady upward glide, 
starting at the unison, c', and rising to c" (the oblique line c'-c"). 
We can then hear, aided by sufficie!"lt amplification, a series of 
combination tones, also rising, which starts from zero (when the 
two tones are in unison), comes into being at a pitch so low as to 
be barely perceptible the moment we diverge ever so slightly from 
the unison, and forms, against the gradual ascent of the upper 
v"icr, a steeply rising curve. Towards the end of this curve the 
anglt- of the ascent decreases, and when the two main voices are 
at the interval of the octave the curve arrives at the pitch of the 
lower tollf, of that octave. The graphic representation of this pro-
cedure shows that beneath the played fifth we hear the octave 

I 60 I 

below its lower tone, and beneath the fourth the double octave 
below its upper tone. That is, the simultaneous sounding of the 
tones c' (256 vibrations per second) and g' (384) produces the 
combination tone c ( 12 8), while the simultaneous sounding of 
c' (256) and f' (341.33) produces F (85.33). In other words, the 
fifth, corresponding to the overtones 4 and 6, carries with it a com-
bination tone equal to overtone 2. Or, in ratios: the fifth 2:3 pro-
duces the combination tcne 1; the fourth 3:4 (for the sake of 
comparison, we transpose the fourth c1-f of Figure 31 to g-c1 , the 
fourth in our origina,l overtone series) likewise tone l. From these 
facts we may deduce the principle governing the relation of the 
combination tone to the directly produced interval: 

The frequency of the combination tone is always equal 
to the difference between the frequencies of the directly 
produced tones of the interval. 

This principle also takes care of the ratios. 

nterval directly - * .... "' 
produced .,_ --o 

Order numbers of the a 8 4 ' ' 5 6 8 8 to 
Overtone Series ll 8 ' .2 8 ' 8 5 ' 

Differences 8 2 a 5 8 6 

Vibration- \.28 tall ll56 1120 .256 820 88' 5U 512 .uo 
frequencies us t98 t28 t9Z Z56 t9ll uo 
Differences 64 64 128 128 128 820 198 894 - , 

Combination tones .... 40 01 

Combination tones, being real sounds, obey the same laws as 
other tones. As component parts of sounding intervals, they pro-
duce further combination tones, which are, of course, less intense 
than the first ones. If a combination tone consists of the differ-
ence between the proportion numbers (or frequency numbers) of 
two tones, then by the same process we have already used we can 

l 61 j 

The values of the relationships, established in this series will determine the connection of 

tones and chords, the harmonic progressions, and hence, the tonal progress of a composition. Just 

as tone-relations are arranged in a descending order of valuei in series 1, so are the harmonic 

intervals, which conform the series 2. To construct this order, Hindemith introduces the concept of 

combination tones. When two instruments of the same kind or a single stringed instrument plays a 

double stop, additional tones –in the low register– are involuntarily produced and they blend as 

part of the general timbre. While overtones are produced by a single sounding tone, combination 

tones appear when two or more tones sound together. This phenomenon, though known since 

early times, in tuning forks or in the construction of organs, had never been applied in music theory 

until Hindemith. The following figure shows the combination tones produced by different intervals.  

 

 

 
 

 

 

It can be seen that, for example in the case a major third C-E, an additional tone C two 

octaves lower is produced. But if the interval is a perfect fifth C-G, the combination tone is also a 

C but now only one octave lower. If the given interval is an unison, a perfect fifth or fourth, or a 

major third, the combination tone will be one of the same class of one component of the given 

interval. The octave is a particular case, because the combination tone produced coincides in 

pitch class and also in register with the lowest member of the octave. In all these cases, there is a 

reinforcement of the interval sound but the new tone belongs to the same pitch class of at least 

one of the notes of the interval. However, if the given interval is a minor third, or a sixth, the 

combination tone is a new pitch class.  

The following table shows the different frequencies at which appear the combination tones. 

 

 

 
i Although Hindemith talks about values, he does not provide exact values for the relationships between the given 
tone and the tones above it at the different intervals. 
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duce further combination tones, which are, of course, less intense 
than the first ones. If a combination tone consists of the differ-
ence between the proportion numbers (or frequency numbers) of 
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l 61 j 

easily find the combination tones of the second order. Let us take 
for example the minor third e'-g' (320-384), which has the ratio 
5:6. The first combination tone is the note 1, C, with 64 vibrations. 
This tone, in connection with one of the directly produced tones, re-
sults in a combination tone of the second order. The g' cannot be 
the tone that produces this second combination tone (in connection 
with the first), because it would produce nothing more than a 
change in intensity in the original interval: interval C-g' ( 1:6), 
combination tone e' ( 5). So it must be the interval C-e' ( 1: 5) 
that produces the new combination tone--<: 1 ( 4). If we find in this 
way the differences between the combination tones of the first order 
and the lower tones of the directly produced intervals, we shall 
arrive at the curve of combination tones of the second order. 

[ 62 l 

The equivalent in musical notation 

Intervals dirt>ctly produced e I l1•• '' 

c - . .....---· _...-e-
tones: 'pt v ( 

o 1st Order _ R:ZS-:-
• 2d Order 1>:&--:e----

/ ·--. 6 
0 b . This curve goes in the opposite direction to the first: it egms at 

the unison with the directly produced tone, and sinks slowly, ar-
rivin.,. beneath the played interval c'-e' at g, beneath c'-f' at f. 
Bene:th the played fifth it intersects the first curve, and then sinks 
more quickly to zero, whence its opposite arose. 

The series of combination tones of the second order combines 
with the intervals already present, consisting both of directly pro-
duced and of combination tones, to create new orders of combina-
tion tones. Theoretically, the system may be extended to infinity. 

@ 

ill \1 ' • . . - ll 

[ 63 l 

But we remember that the overtone series, too, is theoretically in-
finite. In practice it is hardly possible to produce audible com-
bination tones of orders higher than the sixth. For the ear's sense 

intervals the later orders of combination tones are without sig-
mficance, smce they are hardly perceptible even to the fine dis-
c:iminations oi the inner ear (of which we are not conscious), and 
smce furtherm0re S'J long as the directly produced intervals are kept 
close to the simpler ratios of the overtone series, nothing is pro-
duced but octave doublings of earlier orders of combination tones. 
For purposes of our discussion we shall therefore content our-
selves with considering the combination tones of the first and second 
orders. 

3 

Inversions 

We cannot hear combination tones produced by either the unison 
or the octave. For the unison,_ the first order of combination tones 
is at the zero point, and the second order coincides with the unison 
of the directly produced tones. For the octave, the second order is 

the zero point, and the first coincides with the lower of the orig-
mal tones. Combination tones represent a clouding or a burdening 
of the interval. The octave and the unison, as the most perfect 
intervals, are not subject to any such impurity; the fifth has only 
one combination tone, since those of the first and second order 
coincide; all other intervals carry a double burden of varying 
weight. The clouding of the intervals is not so strong that any effort 
need be made to suppress the combination tones. Yet of course they 
must not be so strong as to overshadow the directly produced in-
terval. Provided they remain below the level at which they would 
become actually disturbing, they give the interval its characteristic 
stamp. An interval without combination tones would be an abstract 
concept, as bodiless as the ratio with which we express it numer-
ically. Now, for the musician who, despite the intangibility of his 
building materials, is a healthy realist in his craft, numbers and 
intervals are of value only as sounding entities. He will accept cal-

f 64] 

culations employing proportions and curves only if they seem to 
offer practical advantages in the solution of musical problems. Thus 
the clouding of the intervals through the combination tones is not 
something that spoils his enjoyment of the abstract interval propor-
tions; on the contrary, he uses it as a means of more precise per-
ception of the intervals. The differences in the weight of the com-
bination-tone burdens carried by the various intervals enables him 
to arrange the latter in order, so that starting with the octave, as 
the clearest, unclouded interval, and passing through the fifth 
(slightly clouded), each interval in succession carries a greater 
burden than its predecessors; that is to say, the purity and harmonic 
clarity of the intervals diminish step by step. In this series-Series 2 
-we are accordingly setting up a list of the individual building 
stones according to strength, hardness, and density. 

The fifth bears, as we have seen, but a slight burden: 

Its two combination tones coincide at a point which doubles one of 
its tones at the lower octave. The fourth, too, shows a doubling of 
one of its factors: 

But since these combination tones do not coincide, but are an 
octave apart, the fourth seems somewhat more heavily laden than 
the fifth. 

A !· ': "-* h I -i b •• : ... 
The major third and the minor sixth, too, show doublings of one of 
their constituent tones in their combination tones. In the major 

[ 65 l 
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As a general rule, the frequency of the combination tone is always the difference between 

the frequencies of the two tones that conform the interval. Moreover, if it is considered the 

difference in frequency between the given interval and the combination tone produced, 

combination tones of second order appear, following a curve that goes in the opposite direction to 

the first order combination tones. 

 

 

 

The level of a combination tone is never loud enough to mask the directly produced interval. 

However, it gives the interval a characteristic color. Except for the unison and the octave that do 

not present combination tones different from themselves, starting with the fifth the different 

intervals have a varying weight of the combination tones. The perfect fourth seems to be affected 

a little more than the perfect fifth.  

 

 

 

The major third and the minor sixth show two doublings of one of the constituent tones in 

their combination tones. In the major third the lower tone is doubled, in the minor sixth, the 

upper. Both have, in turn, one tone that is not contained in the directly produced interval. The 

minor third and major sixth have two of these new tones. Taking into account then the 
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octaves occurred before the earliest beginnings of polyphony, as 
the natural consequence of the participation of voices of different 
registers. Successions of parallel fifths and fourths were the first 
polyphonic devices; and gradually the value of thirds and sixths 
became apparent. The tritone was-here, too-an exception: it 
appeared comparatively early, as a component of independent 
harmonic formations. This would seem curious if we did not know 
that uninterrupted successions of triads seemed to the musical ear, 
even in the earliest polyphony, a too unalloyed pleasure. Composers 
met the ear's desire for a more intense sound by introducing the 
tritone in its mildest form: the first inversion of a diminished uiad. 
The intervals between the pairs of tones contained in this chord 
are only, apart from the tritone, the minor third and the major 
sixth; the harsher seconds and sevenths are still lacking. They 
slipped into harmonic combinations late in the development, and 
then only by the side-entrance of melodic function (passing tones), 
until at the end of the seventeenth century the ear had learned to 
accept them, too, as independent intervals, usable for harmonic 
purposes. The tritone lies at th.e top of the inverted diminished 
triad; the important bass tone is free to move, unhampered by the 
tritone. Even today, minor seconds and major sevenths have not 
attained full equality with the other harmonic intervals; and a 
thousand years of familiarity will not achieve it for them. 

For intervals are not like clay, which receives an impression 
and faithfully preserves it until the next one comes along and effaces 
it; they are elastic, rather, like steel, and although they vary in 
hardness, none of them is completely pliable. If we spoke earlier 
of breaking the will of the tones, this must have meant that we 
must see to it that the force that is latent in the intervals must be 
prevented from simply acting freely as it chooses-not that we 
could by main force stamp the raw material into any shape, without 
regard to its natural elasticity. Under wise treatment, the tonal 
material can be easily bent and welded. But if too great a strain 
is put upon it, or if it is not handled in accordance with the laws of 
its own nature, it will break like any other building material, and 
the music constructed from it will be useless. 

[ 86 l 

8 

Harmonic and jVJ elodic Value of the Intervals 

Every tonal movement arises from the combined working of 
harmonic and melodic forces-to ignore the rhythmic element for 
the moment. Harmony is the more robust of the two elements. It has 
its own tendencies and it is hard to force. There are many possi-
ble harmonic combinations, and the gradations between them are 
innumerable. The very quantity of the material commands the 
composer's thorough consideration, and "inspiration" and "inven-
tion" can be effective only on the basis of adequate technical knowl-
edge. The novice will hardly succeed in traversing the harmonic 
territory, which abounds in a wealth of the most manifold phe-
nomena. l\Ielody is less aloof. Many a dilettante, who has no con-
ception of the craft of the composer, gives birth to pleasant melodic 
ideas. The melodic material is easier to conquer, being of limited 
extent, and light and airy as compared with the harmonic. But it 
is also more deceptive. In no field are taste, musical culture, and 
genuine inclination or the lack of it more important than in melody. 

Harmony and melody are complementary elements. Neither is 
strong enough to stand alone; each needs the other for its full un-
folding. l\Ielody sets the sluggish harmonic masses in motion for 

harmonic progression can be made except through melody__:that 
1s, by traversing the intervals. Harmony, on the other hand, con-
nects and organizes the waves of melody. 

Since intervals are the stuff of music, every interval must have 
harmonic and melodic characteristics. Series 2 shows the distribu-
tion of these characteristics clearly: 

[ 87 l 

of the fifth gives it a purity which makes it superior to all other 
intervals except the octave. 

4 

Interval Roots 

We have learned two lessons from our consideration of the com-
bination tones-the proof of the invertibility of intervals, and the 
determination of the relative value of the intervals. A third awaits us. 

If one of the tones of the directly produced interval is doubled 
either in the unison or in a lower octave, by a combination tone' 
this accretion of strength gives it the upper hand over its partner: 
In intervals in which such doublings occur, the constituent tones 
are thus not of equal value. Rather, the tone strengthened by such 
doublings is to be regarded as the root of the interval, and the other 
as its subordinate companion. Numerous experiments have con-
vinced me that the feeling that one tone of an interval has more 

than the other is just as innate as the ability to judge 
mtervals exactly--everyone hears the lower tone of a fifth as the 

tone; the ear cannot be persuaded to attribute primary 
lmpo_rtance to the upper tone. Yet I have never found in any 
treatise the statement that intervals have roots-a curious circum-
stance, since this fact is of primary significance for the hearing and 
evaluation of harmonic intervals, and since its acoustical basis is 
so easily established: 

In all the musical examples frorTJII this point 
on, the arrow .... indicates the root. 

The lower tone of the fifth is the root. The fact that both com-
bination tones coincide at the lower octave of this tone makes it 
doubly strong; that is why the impression of the lower tone as root 
is so unmistakable, and the fifth is so very stable. In the fourth, the 
upper tone is doubled by the combination tones, and thus it is not 

[ 68] 

the heavier lower tone that has the effect of a root. The interval is 
thus less steady than the fifth. 

In the next pair of intervals, too, the root of the more stable 
major third is at the bottom, and of the minor sixth at the top. 

The new tone introduced by the combination tones converts this 
interval into a triad, of which the root is doubled. The triad is not 
present in full strength, to be sure; yet it is so clearly represented 
that the rules of harmony permit the use of the "triad without its 
fifth"-a contradiction of the definition of a triad as consistina of 0 

three tones, while this interval contains only two. This pair of in-
tervals offers a particularly clear example of the inferiority of the 
second interval, the minor sixth, in harmonic ·value. The major 
third contains in the pleasantest disposition the doubling of its lower 
tone by the first-order combination tone, while the new tone, which 
completes the triad, lying a fourth below the lower tone of "the 
original interval, is appropriately weaker, being a combination 
tone of the second order. In the minor sixth, on the other hand, the 
root, which, because in the directly produced interval it is higher 
than its companion tone, is to that extent already weaker, is doubled 
only by a combination tone of the second order. The latter does, 
to be sure, lie in the bass, but because of its weaker intensity it is 
less prominent than the less important first-order tone which com-
pletes the triad. Obviously so ambiguous a tonal structure must 
produce a less satisfying effect than that of the major third. 

The next pair of intervals consists of the minor third and its 
inversion, the major sixth. 

®I"" 
1.4; 
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evaluation of harmonic intervals, and since its acoustical basis is 
so easily established: 

In all the musical examples frorTJII this point 
on, the arrow .... indicates the root. 

The lower tone of the fifth is the root. The fact that both com-
bination tones coincide at the lower octave of this tone makes it 
doubly strong; that is why the impression of the lower tone as root 
is so unmistakable, and the fifth is so very stable. In the fourth, the 
upper tone is doubled by the combination tones, and thus it is not 
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the heavier lower tone that has the effect of a root. The interval is 
thus less steady than the fifth. 

In the next pair of intervals, too, the root of the more stable 
major third is at the bottom, and of the minor sixth at the top. 

The new tone introduced by the combination tones converts this 
interval into a triad, of which the root is doubled. The triad is not 
present in full strength, to be sure; yet it is so clearly represented 
that the rules of harmony permit the use of the "triad without its 
fifth"-a contradiction of the definition of a triad as consistina of 0 

three tones, while this interval contains only two. This pair of in-
tervals offers a particularly clear example of the inferiority of the 
second interval, the minor sixth, in harmonic ·value. The major 
third contains in the pleasantest disposition the doubling of its lower 
tone by the first-order combination tone, while the new tone, which 
completes the triad, lying a fourth below the lower tone of "the 
original interval, is appropriately weaker, being a combination 
tone of the second order. In the minor sixth, on the other hand, the 
root, which, because in the directly produced interval it is higher 
than its companion tone, is to that extent already weaker, is doubled 
only by a combination tone of the second order. The latter does, 
to be sure, lie in the bass, but because of its weaker intensity it is 
less prominent than the less important first-order tone which com-
pletes the triad. Obviously so ambiguous a tonal structure must 
produce a less satisfying effect than that of the major third. 

The next pair of intervals consists of the minor third and its 
inversion, the major sixth. 

®I"" 
1.4; 

[ 69 l 

combination tones of first and second orders, and knowing that the deeper tones, with slower 

vibration rates, have a greater weight than higher ones, it is possible to conclude that the fifth is 

superior to the fourth. Likewise, the major third is superior to the minor sixth, the major second 

to the minor seventh, etc. This way, a new series called series 2, summarizes the different 

harmonic value of the intervals: 

 

series 2 

 

 

Interval root 

The tone that is more strongly influenced by the combination tones is called the root of the 

interval, being the other tone of the secondary importance. Thus, in the P5, the M3 and the m3 

the root is the lower tone, whereas in the P4, the m6 and the M6, the root is the upper one. In 

seconds and sevenths, it is a little different. In seconds, M or m, the root is the upper tone, while 

in sevenths, M or m, the root is the lower one.  

The tritone does not have a root and goes at the end of series 2. 

 

 

 

 

 

Harmony and melody 

Harmony and melody complement each other. Every interval has melodic and harmonic 

characteristics. They are distributed according to the following figure: 
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While intervals such as the fifth or the major third have stronger harmonic value, seconds 

and sixths are essentially melodic because of the attraction that other tones exert upon them, like 

the octave or the fifth. The tritone has no significance, either melodic or harmonic. It needs a third 

tone; if this third tone sounds simultaneously with the tritone, then the latter has a harmonic 

significance; if the tritone is part of a three-note melody, then it will have a more melodic function.  

A new system of chords 

The traditional theory of harmony offered to Hindemith several limitations. On one hand, the 

basic principle to construct chords was the superposition of thirds. This limited the possible 

combinations to a very small group of sonorities. And to explain notes out of these stack of thirds, 

theory has to recur sometimes to strange explanations. On the other hand, all chords must be 

invertible, which is difficult even with ninth chords, which are part of the possible ones. Besides, 

any tones out of the diatonic scale were considered alterations or distortions of the system, while 

other departures –like the lowered sixth degree or the Neapolitan sixth chord– were accepted with 

no complain. Finally, chords were susceptible of many reinterpretations. 

Hindemith came up with a new system in which the third was no longer the only basis for 

constructing chords, the invertibility of chords obeys a more general principle, and chords are not 

susceptible to various interpretations. On both ends of the spectrum of series 2, are the octave and 

the tritone. The former has no significance for chord analysis and the tritone is so characteristic that 

every chord containing a tritone acquires some indefiniteness. So the first criteria to classify chords 

will be to separate in two groups: one with chords that contain no tritones (group A), and another 

with chords containing one or more tritones (group B). Then, chords will differentiate according to 

the presence or absence of the intervals that are more dissonant: seconds and sevenths. Thus, a 

subdivision can be made between those chords with no tritone and with or without sevenths and 

seconds (A1 and A2); and chords with tritone but with or without seventh and seconds (B1 and 

B2). Further differentiation has to do with the position of the root of the chord. It has been 

explained how to find the root of an interval. The concept of a chord root is explained below.  

When a chord is in root position, root and bass coincide. The root, being already the strongest 

tone of the chords, it is reinforced by being the lowest tone. When the root is in another position, 

the two forces separate; the root opposes the strength of the bass. So chords whose bass and root 
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eludes all chords that have no tritone; Group B includes all chords 
containing a triton8. 

Series I ,. .. . .. .. 0 liU .. • ...,. 
Series 2 ' I. 2 I :a :: i: : &u • .. :eu I>.4!P 

If· we appraise the intervals of Series 2 according to the degrees 
of relationship of Series 1, the five pairs of intervals will divide into 
two classes: those consisting of the first-generation descendants of 
the pr-ogenitor tone (fifths, fourths, thirds, and sixths) and those 
formed from the "grandchildren" (seconds and sevenths). This 
classification enables us to make a subdivision of the chords in 
Groups A and B. For if we construct chords using the intervals be-
longing to the first of these classifications only, it follows that such 
chords, owing to the simplicity and purity of their constituents, 
must form one division, the chords of which will be simpler and 
purer than those containing seconds or sevenths, which form the 
second division. About these we shall have more to say later. 

Now as to the third factor that must be taken into consideration 
in our judgement of c)lords: the root, and its position in the chord. 
Chords consist of intervals, and since in each interval one of the 
tones is the root and dominates the other, the interval-roots try to 
bring other tones under their control, and to exert their dominance 
in the as well as in their own intervals. Every chord, then, 
with a few exceptions to be mentioned later, has a root. To find it, 
we must find the best interval of the chord, appraised according to 
the vatues of Series 2: the fifth is the best, the major seventh the 
weakest of harmonic intervals (except for the tritone). For our 
calculation, we must take into account every interval in the chord. 
A major triad thus consists of a fifth, a major third, and a minor 
third. Here we see the difference between our method and that of 
the conventional theory of harmony, which relates the chord fac-
tors to the bass tone, a process which makes inversions possible. 
But at the same time it reckons with the intervals of the uninverted, 

[ 96 l 

fundamental position of the chord, so that the root remains the 
same in all inversions, and the other tones of the original position 
also retain their original functions in the inverted position. This 
double reckoning is inaccurate; there can be but one basis of cal-
culation if- misunderstandings are to be avoided. We say, on the 
other hand: if there is a fifth in the chord, then the lower tone of the 
fifth is the root of the chord. Similarly, the lower tone of a third or 
aseventh (in the absence of any better interval) is the root of the 
chord. Conversely, if a fourth, or a sixth, or a second is the best 
interval of a chord, then its upper tone is the root of the chord. 
Doubled tones count only once; we use the lowest one for our 
reckoning. If the chord contains two or more equal intervals, and 
these are the best intervals, the root of the lower one is the root 
of the chord. 

@ 
Chord 

Root 

) = best interval .....-,. root -r- ;J3J r f:ll. ...... 

It makes no difference whether the tone that completes the best 
interval lies in the same octave or one or more octaves higher (in 
fifths, thirds, and sevenths) or, on the other hand, one or more 
octaves lower (in fourths, sixths, and seconds). In those occasional 
instances in which the compass of the whole chord is so great that 
the distance between the two tones of the root-determining interval 
permits the formation of "dissonant" combination tones such as 
were mentioned earlier, in the discussion of separate intervals (pp. 
72-4), we have the choice either of making new rules or of simply 
treating the widely extended intervals like their closer prototypes. 
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are not the same note, are subordinate to the version of those chords that do have both root and 

bass in the same place. Hindemith also states that the rearrangement of a chord may affect its 

quality. While chords with mild dissonances are not greatly affected by a more open disposition of 

its tones, a more dissonant chord may lose all its quality by disposing its tones more separate from 

each other. 

Chord root 

Except for a few exceptions, every chord contains a root. To find it, it is necessary to follow 

series 2. The root of the most important interval (most to the left in the series 2) present in the 

chord will be, in turn, the root of the whole chord. Thus, if the chord contains a perfect fifth, the 

lower tone of that interval is the root of the chord. If the chord presents a major third as the most 

important interval, its lower tone is the root of the chord. If no present interval is more important 

than a major second, then the upper tone of this interval is the root of the chord. If two intervals 

of most importance are present, the one that is lower in register has more preponderance over the 

other, and its root is the root of the whole chord. 

 

 

 

 

 

 

The register is not important to determine the root. It does not matter if the tone that 

completes the interval that determines the root is in the same octave or lies two octaves higher (for 

fifths, thirds and sevenths) or lower (for fourths, sixths and seconds). 

Guide-tone 

When dealing with chords containing tritones, the root is calculated as usual, but in addition 

one of the notes that form the tritone serves as the guide-tone. The guide tone is:  
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tioned uncertain chords-chords cons1stmg of several superposed 
intervals of the same size. The first chord of sub-group V consists 
of two major thirds and an augmented fifth. The augmented fifth 
can be counted a minor sixth, in accordance with what we have 
already established, and thus the constituents of the chord belong 
to the same pair of intervals, and the root cannot be definitely de-
termined. The chord built up in fourths, which belongs to group V, 
may occur in forms in which its root can be determined. It is un-
certain only in its closest position (see the table), or when its 
highest tone is doubled above or its lowest below, or when the outer 
tones are spread an octave further apart and there is an octave 
doubling of the middle tone between them ("c' f' F bb"). Any other 
doublings produce a fifth as the best interval of the chord, which 
would place it in sub-group III. The same is true even when it con-
sists of only three tones, expanded or contracted by the octave 
transposition of one of them. If we add further fourths above, we 
had better assume the presence of a root, for the choice of possible 
root representatives becomes too great. Accordingly we shall treat 
all chords consisting of three or more superposed fourths as having 
the root of their lowest fourth as the chord-root. Two superpe>sed 
fifths do not belong to group V but to group III; likewise two super-
posed major or minor seconds. Chords consisting of two or more 
superposed minor thirds constitute group VI. 

For handling the chords of Group B (those with tritone), it is 
not enough to know their roots. If we are to be able to make con-
vincing chord-progressions, we must treat the tritone as their most 
important constituent. We find the root by the familiar method. 
But, in addition, one of tll'e members of the tritone must serve as 

To find the guide-tone, the following rules apply: 
1. That tone belonging to one or more tritones in the chord which 

stands in the best relationship to the root (measured by the 
interval-values of Series 2) is to be considered the guide-tone: 

In doubtful cases-as for example, when a choice must be made 
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between two tones which lie above and below the root and are 
equally related to it-let that tone be taken as guide-tone which, 
itself a part of a tritone, leads best to the root of the next chord 
(if that chord has no tritone) or to the guide-tone of the next 
chord (if it contains a tritone). 

2. When there is only one tritone in the chord, and the root forms 
a part of this tritone, the other tone forming the tritone is to be 
considered the guide-tone. 

\\:hen isolated intervals appear between one chord and the next, 
they are to be regarded as belonging to that group to which their 
own nature would assign them. The fifth and the thirds belong to I" 
the fourth and the sixths to I, the seconds to III, the sevenths 
to III,, the tritone to \"I. 

This system of appraising chords and intervals results in a classi-
fication of all chords. There is no combination of intervals which 
does not fit into some division of our system. Chords which a the-
orist would analyze only in his nightmares, and which any self-
respecting counterpoint book would not tolerate, can now be easily 
explained. 

The system is as comprehensive as it can be, in view of the pos-
sible variety of chords. Nevertheless, even by this system, there 
will always remain a certain number of exceptional chords which 
cannot be interpreted with complete satisfaction. These include 
those which consist of so many different topes that the individual 
units of which the structure is composed hardly count, as well as 

\ 
those which, although they contain only a few tones, are so spread 
out that their constituent tones can only with difficulty be per-

as constituting harmonic intervals. But it is a question 
whether a system of invest.igation which aims to make clear the 
harmonic side of tonal combinations should be applied to chords 
which, like the first-named, are effective chiefly through their in-
tensity, their mass, or their energy, or, like the second group, result 
simply from the isolated effect of single tones or lines. An investi-
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tioned uncertain chords-chords cons1stmg of several superposed 
intervals of the same size. The first chord of sub-group V consists 
of two major thirds and an augmented fifth. The augmented fifth 
can be counted a minor sixth, in accordance with what we have 
already established, and thus the constituents of the chord belong 
to the same pair of intervals, and the root cannot be definitely de-
termined. The chord built up in fourths, which belongs to group V, 
may occur in forms in which its root can be determined. It is un-
certain only in its closest position (see the table), or when its 
highest tone is doubled above or its lowest below, or when the outer 
tones are spread an octave further apart and there is an octave 
doubling of the middle tone between them ("c' f' F bb"). Any other 
doublings produce a fifth as the best interval of the chord, which 
would place it in sub-group III. The same is true even when it con-
sists of only three tones, expanded or contracted by the octave 
transposition of one of them. If we add further fourths above, we 
had better assume the presence of a root, for the choice of possible 
root representatives becomes too great. Accordingly we shall treat 
all chords consisting of three or more superposed fourths as having 
the root of their lowest fourth as the chord-root. Two superpe>sed 
fifths do not belong to group V but to group III; likewise two super-
posed major or minor seconds. Chords consisting of two or more 
superposed minor thirds constitute group VI. 

For handling the chords of Group B (those with tritone), it is 
not enough to know their roots. If we are to be able to make con-
vincing chord-progressions, we must treat the tritone as their most 
important constituent. We find the root by the familiar method. 
But, in addition, one of tll'e members of the tritone must serve as 

To find the guide-tone, the following rules apply: 
1. That tone belonging to one or more tritones in the chord which 

stands in the best relationship to the root (measured by the 
interval-values of Series 2) is to be considered the guide-tone: 

In doubtful cases-as for example, when a choice must be made 
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between two tones which lie above and below the root and are 
equally related to it-let that tone be taken as guide-tone which, 
itself a part of a tritone, leads best to the root of the next chord 
(if that chord has no tritone) or to the guide-tone of the next 
chord (if it contains a tritone). 

2. When there is only one tritone in the chord, and the root forms 
a part of this tritone, the other tone forming the tritone is to be 
considered the guide-tone. 

\\:hen isolated intervals appear between one chord and the next, 
they are to be regarded as belonging to that group to which their 
own nature would assign them. The fifth and the thirds belong to I" 
the fourth and the sixths to I, the seconds to III, the sevenths 
to III,, the tritone to \"I. 

This system of appraising chords and intervals results in a classi-
fication of all chords. There is no combination of intervals which 
does not fit into some division of our system. Chords which a the-
orist would analyze only in his nightmares, and which any self-
respecting counterpoint book would not tolerate, can now be easily 
explained. 

The system is as comprehensive as it can be, in view of the pos-
sible variety of chords. Nevertheless, even by this system, there 
will always remain a certain number of exceptional chords which 
cannot be interpreted with complete satisfaction. These include 
those which consist of so many different topes that the individual 
units of which the structure is composed hardly count, as well as 

\ 
those which, although they contain only a few tones, are so spread 
out that their constituent tones can only with difficulty be per-

as constituting harmonic intervals. But it is a question 
whether a system of invest.igation which aims to make clear the 
harmonic side of tonal combinations should be applied to chords 
which, like the first-named, are effective chiefly through their in-
tensity, their mass, or their energy, or, like the second group, result 
simply from the isolated effect of single tones or lines. An investi-
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1) the note of the tritone that is in best relationship with the root, as measured in series 2;  

 

 

 

2) if the root forms part of the tritone, then the other note of the tritone is the guide-tone. 

 

 

Table of Chord-Groups 

The following is the chart of chords proposed by Hindemith: 

 

A. Chords without tritone 

I. 
Without 

seconds or 
sevenths 

1. Root and base tones are identical 

 

2. Root lies above the base tone 

 

III. 
Containing 
seconds or 
sevenths or 

both 

1. Root and base tone are identical 

 

2. Root lies above the base tone 

 

V. 
Indeterminate 
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B. Chords containing tritone 

II. 
Without minor 

seconds or major 
sevenths. The 

tritone 
subordinate. 

a. With minor seventh only. Root and bass are identical. 

 

b. 
Containing 

major 
seconds or 

minor 
sevenths or 

both. 

1. Root and base tones are identical 

 

2. Root lies above the base tone 

 

3. Containing more than one tritone 

 

IV. 
With minor 

seconds or major 
sevenths, or both. 

One or more 
tritones 

subordinate. 

1. Root and base tone are identical 

 

2. Root lies above the base tone 

 

VI. 
Indeterminate. 

Tritone 
predominating.  
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Observations in Hindemith’s table of chordsii 

With no tritone 

a) Groups I and V only have trichords.  

b) For chords with no tritone, tetrads and larger groups only belong to group III. 

With tritone 

c) Group VI only has two members: the diminished triad and the fully diminished chord. 

d) There are only two pentads that belong to group II, (02468) and (02469). All the other 

pentads belong to group IV. 

e) There is only one hexad that belong to group II, (02468t). All the other hexads belong to 

group IV. 

f) All heptads, octads and nonads belong to group IV. 

 

 

 

 
ii A complete table with Hindemith, Hanson and Forte  
combined appears in the appendix. 
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Chord successions 

According to Hindemith, the complete material of conventional theory of harmony is 

contained in groups I, II and VI, except for a few exceptions of chords belonging to groups III and 

IV. “All possible chords may occur under conventional theory, but it accepts them only as 

structures resulting from strong melodic tendencies.”iii Hindemith is expanding the theory but he 

accepts the results with objections. When chords from groups III and IV fight to be independent, 

he suggests to simply considering them as “non-existent”. 
 

iii Paul Hindemith, “The Craft of Musical Composition” (1937): 106. 
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I-, we shall see that the chords of the two sections I, and I, are 
differentiated by the position of their roots. The chords of I, are 
in what the conventional theory of harmony calls inversion: they 
have been turned side over side or end over end, so that they are 
lying on their sides or standing on their heads, while the chords 
of I, stand firmly on their feet. :\Tow, we have already seen that 
there is a difference in value between the chords of these two sec-
tions: those of the first section are, because of their strong root-
positions, higher in value than the less stable chords of the second. 
If in a chord-succession a chord of the first section is followed 
by one of the second, there results, as we have seen, a decrease in 
value. The step from a more valuable to a less valuable chord is in 
the harmonic sense, then, a descent, a fall, and conversely a step 
from a less valuable to a more valuable one is an ascent. But since 
in our chord-table the harmonic tension of chords increases from 
section to section and from sub-group to sub-group in the same pro-
portion as the value decreases, the progression from a higher to a 
lower chord represents an increase in tension, and a step in the 
opposite direction a decrease. It is this up-and-down change of 
values and tensions which we shall term harmonic fluctuation. 
This fluctuation may be gradual or sudde!T" according to the rela-
tive values of the chords which make up the progression. In pro-
gressions from I, to III, or from IIb, to IV, or the reverse, the 
ascent or descent may be regarded as sudden, because the value-
differences are great; here the brick turns side over side or end 
over end and traverses a good deal of space. Progressions within one 
sub-group, on the other hand, as for example from Ila to IIb", or 
from III" to III" may be considered gradual. 

To create any harmonic fluctuation, chords of different value 
are always needed, be the difference ever so slight: as for example 
between two chords both belonging to section III" of which one 
resembles the chords of group I more closely than the other, and 
so stands slightly higher in the scale of values. Harmonic fluctua-
tion is thus not to be confused with the scale of harmonic values 
which results from relationships within a key. Such relationships 
can give different significance to chords of the same structure and 
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value: our brick is placed together with other identical bricks, 
and receives its particular significance from its relative position in 
the building. In the connection of chords of identical 
there is no harmonic fluctuation; there are only harmonic relations 
which vary and together with the rhythmic pulse regulate the tonal 
movement and build forms out of it. 

The foregoing may be made clearer through the following ex-
amples.* In the first example we see six harmonies all belonging to 
Group A: 

® ' :; "! '·§t' a§ g - -Degree of Tension Ia 12 12 m2 12 ,, 
Ill IDIIIIII!IIIII I 

The first and last of these harmonies, belonging to section I 1, are 
the best and most satisfying, while between them a harmonic de-
velopment takes place which passes through two chords of one 
of III 2 , and one of I2 again. Thus there is an increase of tension 
from the first chord to the fourth, which is then resolved. The 
harmonic fluctuation is here not very sudden. Til.e greatest gap is 
between I 1 and III 2 , and this gap is smoothly bridged by the Iz 
chords. There is a harmonic crescendo and diminuendo that is in-
dissolubly connected with the nature of this progression; it cannot 
be altered by the performer. It is thus different from purely 
dynamic increases and decreases. the control of which always rests 
with the singer or player. 

The fluctuation in the next example is less smooth: 

® 1 i r: " E i! i 
' V.a.. "\:J <t-

It m, m2 m2 m, '' 
, 

*The drawinf!S are intended to give an appro.ximate picture of the chang-
ing tension in the musical examples. Beneath the chords of I,, which are al-
together lacking in tension, the upper and lower lines of the diagram come 

while the point of greatest tension corresponds to the widest scpara-
tion of these lines. 
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Between the first chord and the second, the gradient, so to speak, 
is very steep. The highly tense chords of group III give the rest of 
this progression its character, while the fluctuation among them is 
not very wide, rising and falling between III, and III 2 • Of all these 
chords, the fourth is the sharpest, its minor second (or ninth) e'-f2 
exceeding in this respect the major seconds and minor sevenths of 
its neighbors. Between the next to the last chord and the last one 
there is again an important change of level, which gives the effect 
of a considerable relaxation of tension. The next two examples 

JaTritone (in all examples from this point on) 

@ ' i :: -:· 6 't!!J & :# "0 :& 
lr liba lr Dba 12 Dbl '• 

contain chords from Group B (with tritone), the first example re-
stricting itself to the harmless ones of group II, while the second 
one employs the more biting combinations of group IV. The nature 
of the harmonic fluctuation will doubtless be clear to the reader 
with the help of the numbering and the diagrams. 

For anyone with some knowledge of the devices of the technique 
of composition, consideration of harmonic fluctuation introduces no 
new difficulty, particularly since the conventional theory of har-
mony takes account of it, even though only to a slight degree: di-
vision of chords into those in root position and those in inversion is 
nothing else. Conventional harmonic theory does not provide, of 
course, any key to the construction of complicated designs of 
fluctuating tension; for this we must employ our detailed knowledge 
of chord-values. \Vhoever possesses such knowledge can create 
harmonic structures of the most daring thrust and tension without 
having to rely on the uncertain method of trying out each individual 

l 1181 

combination by ear-a process that soon becomes more a guessing 
game in pursuit of concealed possibilities than _a form of creative 
work. We thus add to the time-honored practices of harmony-
voice-leading, and the production of tonal relations-the observa-
tion of the rise and fall of harmonic tension as an exact and com-
pletely reliable procedure. Since this procedure adds to the accuracy 
of our planning and execution of harmonic structures, the composer 
may unhesitatingly accept the added work which this incr_eas:d 
material brings with it. The secret of good arrangement of this nse 
and fall is completely open to him in our table of the chord-values. 

The only rule we must observe which involves consideration of 
individual cases is to remember that the indeterminate chords of 
groups V and VI introduce an element of uncertainty into_ harmonic 
developments. When one is dealing with chords belongmg to the 
other sub-groups, one stands on firm ground; but the introduction of 
the indeterminate chords is like a step into mud and quicksand. Usu-
ally a progression to such a chord represents a decrease in value and 
accordingly an increase in tension, as our chord-table shows. But 
sometimes the effect of the use of chords of groups V and VI is such 
that the whole progression takes on a wavering unsteadiness. The 
still perceives changes of value and tension, but it cannot determme 
the exact degrees of these changes. In such progressions, therefore, 
care must be exercised. A single step into uncertainty may be very 
pleasant, for variety's sake, but a progression consisting 
of uncertain chords is always of poor effect. In such a progressiOn 
we Jose all sense of direction; we seem to be tossed aimlessly hither 
and yon on an endless series of waves until the ear becomes.confused 
to the point of actual physical discomfort. As a counterpoise to the 
stable and tensionless chords of group I, a chord from group V or 
VI may be useful; it can almost always be successfully juxtaposed 
even against chords from group II. But in using it with chords from 
groups III and IV, care must be exercised. In the midst of such 
chords, a chord of group V or VI often puts us completely off the 
track· it seems to cause the whole chord-structure to collapse. Prob-
ably 'the vagueness which results from the complex, over-sharp 
profiles of the chords of groups III and IV is unsatisfactory when 
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Two types of movement are into play in a succession of chords. One has to do to the 

harmonic progression in which the relations of all the roots to their respective chords belong to the 

same sub-group (I1 or I2, or III1, etc); the second is called harmonic fluctuation and it has to do with 

shift in harmonic gravity. Group I1 is formed by triads, major and minor, in root position. Group 12 

is formed by the same triads but in inversion. They are a little less stable than their counterparts in 

I1. The tension increases as we proceed downward and from left to right in the table of chords. 

Thus, going from a chord belonging to group I to a chord of the group III, is an increase in tension. 

Increases and decreases in tension conform the harmonic fluctuation of a passage. In order to have 

harmonic fluctuation, chords of different groups are needed. Here are some examples:  

 

 

 

 

 

 

 

 

 

 

 

 

The harmonic fluctuation is thus a sound aspect in composition. Even in passages that stay 

in the same root, there may be dramatic changes in harmonic value, providing interest. The 

progression is framed in a two-voices framework that provides the necessary contour for the 

chords. 

In the next chapters, and until the final part on “Melody”, Hindemith analyzes progressions 

with different chords, starting with progressions that have exclusively triads, that is, chords of 

group A.I. Then he proceeds with the other sonorities, with and without tritone, evaluating their 

characteristics. He suggests the use of a smooth degree progression if the chords have very varied 

harmonic weight, being part of very unequal groups. But, if chords belong to the same group, or 
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Suppose we were to find in a piece of music the foregoing series 
of chords. Let us grant that it sounds horrible-but can you hon-
estly say that you have never encou"ntered such combinations of 
tones? Suppose further that the composer of this series of chords 
admitted that what he had intended was to build a harmonic 
crescendo, in which the harmonic tension should increase sharply 
from the first chord to the fifth, followed by a diminuendo to the 
end. In accordance with our plan of leaving rhythm out of con-
sideration, I have notated this example, too, in whole notes. This 
robs it, of course, of the slightest trace of attractiveness, and ruth-
lessly exposes the harmonic progressions in complete nudity. Let 
us now see whether the composer has succeeded in realizing what 
he intended. 

The analysis of the five-voice example yields the following 
results: 

1. Linear construction. Except for the next to the top voice, not 
one of the is built on sound principles of melodic construction. 
These principles are discussed in the Chapter, and I snail 

[ 1ss 1 

therefore leave this aspect of the matter for now with the assertion 
that the lines are poor. 

2. Two-voice framework. No plan is apparent. Up to the fourth 
chord there might seem to be one, but the weak fourth g-c3 in the 
fifth chord flatly contradicts the intention to make this the harmonic 
climax; here a strong interval (fifth or third) would be needed, 
rather than an inversion, which (as we know from the combination 
tones) is lacking in energy. Chord 6, containing a seventh, should 
have been followed by a chord of lower tension. Instead, chord 7 
contains the tritone, and even it is not resolved: it is followed by a 
seventh, and only this last interval finds a satisfactory resolution 
in the final fifth ab-eb 2

• 

3. Harmonic fluctuation. Obviously the composer had no con-
ception of this. It follows an aimless, zigzag course which in no 
way results in the desired climax of harmonic tension in chord 5. 

4. Degree-progression. The concentration of chords from the 
fourth to the eighth chord does not allow any harmonic life to 
unfold, while a further brake is provided bj' the repeated eb of the 
sixth and seventh chords. 

5. Guide-tones. Their connection with the roots in the degree-
progression is good, but they stand still in their tracks, and are 
accordingly, in this piece in which everything should contribute to 
the impression of movement, rather a hindrance than a connecting 
factor of repose. 

6. Tonality. The tonal center in the degree-progression is un-
doubtedly Gjt ( Ab), for that note occurs twice and is confirmed by 
the strong, repeated fifth. The leading tone, G, too, which occurs 
twice, ·strengthens the tonal center, and the third, B, also helps. 
In this connection the cjt of the beginning and the A of the fourth 
chord are of subsidiary importance. The first four chords could 
also be related to A as a tonal center, supported by its third, cjt, 
and by its leading tone, Gjt. In this case there would be a modula-
tion from A to Gjt. The tonal sphere of Gjt overlaps that of A, since 
it begins as early as the third chord; from this point on, the sway 
of Gjt is undisputed. 

[ l 59 l 

closely related groups, and the tension does not vary much, then the degree-progression may be 

more varied, with contrasts of several kind. 

Finally, as practical application, Hindemith proposes an analysis at several levels, as shown 

in the following figure, which indicates the two-voice framework, the guide-tones, the root 

progression and the harmonic fluctuation. 
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Example 1-3

(fl)

i ^
The first problem in the analysis of a sonority is the analysis

of its component parts. A sonority sounds as it does primarily

because of the relative degree of consonance and dissonance of

its elements, the position and order of those elements in relation

to the tones of the harmonic series, the degree of acoustical

clarity in terms of the doubling of tones, timbre of the orchestra-

tion, and the like. It is further affected by the environment in

which the sonority is placed and by the manner in which

experience has conditioned the ears of the listener.

Of these factors, the first would seem to be basic. For example,

the most important aural fact about the familiar sonority of the

dominant seventh is that it contains a greater number of minor

thirds than of any other interval. It contains also the consonances

of the perfect fifth and the major third and the mild dissonances

of the minor seventh and the tritone. This is, so to speak, the

chemical analysis of the sonority.

Example 1-4

f
Minor thirds Perfect fifth Mojor third Minor seventh Tritone

It is of paramount importance to the composer, since the

composer should both love and understand the beauty of sound.

He should "savor" sound as the poet savors words and the

painter form and color. Lacking this sensitivity to sound, the

composer is not a composer at all, even though he may be both

a scholar and a craftsman.

EQUAL TEMPERAMENT

This does not imply a lack of importance of the secondary
analyses already referred to. The historic position of a sonority

in various styles and periods, its function in tonality—where
tonality is implied—and the like are important. Such multiple

analyses strengthen the young composer's grasp of his material,

providing always that they do not obscure the fundamental
analysis of the sound as sound.

Referring again to the sonority G-B-D-F, we should note its

historic position in the counterpoint of the sixteenth century and
its harmonic position in the tonality of the seventeenth,

eighteenth, and nineteenth centuries, but we should first of all

observe its construction, the elements of which it is formed. All

of these analyses are important and contribute to an understand-
ing of harmonic and melodic vocabulary.

As another example of multiple analysis, let us take the familiar

chord C-E-G-B. It contains two perfect fifths, two major thirds,

one minor third, and one major seventh.

Example 1-5

*
Perfect fifths Mojor thirds Minor third Major seventh

It may be considered as the combination of two perfect fifths at

the interval of the major third; two major thirds at the perfect

fifth; or perhaps as the combination of the major triad C-E-G
and the minor triad E-G-B or the triads* C-G-B and C-E-B:

Example 1-6

ofijiij^ij i ii
*The word triad is used to mean any three-tone chord.

Howard Hanson 

 

Howard Hanson bases his study on the equally tempered chromatic 

scale, to make use of enharmonic equivalents and limit his work. A 

similar approach with just intonation would tend to infinite. Also, just 

intonation is possible for stringed instruments or voices but impossible for 

keyboard instruments or certain woodwinds and brass ones. Finally, equal 

temperament offers the greatest simplicity of symbolism. The term sonorityiv, employed throughout 

the book, refers to the tones relationships, whether they involve harmony or melody.  

 

 

 

 

Many are the factors that make a sonority sound the way it does: relative degree of 

dissonance or consonance of its elements, disposition of the tones, duplications, timbre of the 

orchestration, etc. Moreover, some sonorities are associated with particular functions in tonality, 

or may have different importance according to the historic period and so on. Hanson focuses on 

the pitch content of the sonority, analyses its intervals and offers different combinations of simple 

intervals that can conform that particular group of tones. For example, C-E-G-B contains two P5, 

two M3, one m3 and one M7.  

 

 

 

It may be explained as two P5 combined at the interval of a M3, or two M3 combined at the 

interval of a P5, or two triadsv (C-E-G and E-G-B) combined, etc…  

 
 

iv Sonority, chord, set are used as synonyms in this paper. 
v The term triad is used to refer to any group of three tones, not just the major, minor, diminished and augmented 
triads. 

Howard Hanson 
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EQUAL TEMPERAMENT
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Example 1-5
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Perfect fifths Mojor thirds Minor third Major seventh
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Example 1-6

ofijiij^ij i ii
*The word triad is used to mean any three-tone chord.

harmonic materials of modern music

Example 2-6

# Perfect fifth p Perfect Perfect- fifth fourth

The symbolization is arbitrary, the letter p being chosen because
it connotes the designation "perfect," which apphes to both
intervals.

The major third above or below the given tojie will be desig-

nated by the letter m:

Example 2-7

^ ^^
Major third, m
(or minor sixth)

The minor third above or below the given tone will be
represented by the letter n:

Example 2-8

i B^
Minor third, n

(or major sixth)

the major second above or below, by s:

i
Example 2-9

(i'ji)

t»to tib<^
Major second, s
(or minor seventh)

the dissonant minor second by d:

Example 2-10

Minor second, d
(or mojor seventh)

10
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This particular group of four tones has very well-known possible functions along music 

history. But for other sonorities, that may not always be the case. Hanson’s work proposes then a 

thorough analysis of all the possible sonorities, how they are derived and which could be their 

connotations when used in compositions, either by masters or by composition students. 

The analysis of intervals 

For his analysis, Hanson does not consider doublings since the function of the sonority will 

not be altered by the number of times a note is duplicated; but he does consider all the intervals 

involved. For example, in the major triad C-E-G, he not considers the P5 between C and G, and 

the M3 between C and E, but also the m3 between E and G. 

At the same time, he makes use of the circle of fifths to indicate that any note has interval 

relationships above and below it. For example, C has a fifth-relationship above it, C to G, and 

below it, C to F. Also, a major third-relationship above it, C to E, and below it, C to Ab, and so 

forth. The core of his theory is the simbology pmnsdt. 

 

“p” represents the relationship of a perfect fifth above or below (what is actually a perfect fourth 

above) of the first tone.  

 

 

“m” a major third above or below (or a minor sixth above) of the first tone. 
 

“n” a minor third above or below (or a major sixth above) of the first tone. 

 

“s” a major second above or below (or a minor seventh above) of the first tone. 

 

“d” a minor second above or below (or a major seventh above) of the first tone. 
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THE ANALYSIS OF INTERVALS

and the tritone by t:

Example 2-11

(bo'iM ^
*^ Augmented fourth,^

(or diminished fifth)
(Tritone)

The letters pmn, therefore, represent intervals commonly

considered consonant, whereas the letters sdt represent the inter-

vals commonly considered dissonant. The symbol pmn, sdt'*

would therefore represent a sonority which contained one perfect

fifth or its inversion, the perfect fourth; one major third or its

inversion, the minor sixth; one minor third or its inversion, the

major sixth; one major second or its inversion, the minor seventh;

one minor second or its inversion, the major seventh; and one

augmented fourth or its inversion, the diminished fifth; the three

symbols at tiie left of the comma representing consonances, those

at the right representing dissonances. A sonority represented,

for example, by the symbol sd^, indicating a triad composed of

one major second and two minor seconds, would be recognized

as a highly dissonant sound, while the symbol pmn would indicate

a consonant sound.

The complexity of the analysis will depend, obviously, upon

the number of diflFerent tones present in the sonority. A three-

tone sonority such as C-E-G would contain the three intervals

C to E, C to G, and E to G. A four-tone sonority would contain

3+2+1 or 6 intervals; a five-tone sonority, 4+3+2+1 or 10 in-

tervals, and so on.

Since we are considering all tones in equal temperament, our

task is somewhat simplified. C to D#, for example, represents

the same sound as the interval C to E^i; and since the sound is

" For the sake of uniformity, analyses of sonorities will list the constituent inter-

vals in this order.

11

 

“t” a tritone above or below (augmented fourth or diminished fifth) 

 

 

 This table shows the intervals that each symbol represents: 

 

 

 

 

 

 

 

 

Every collection of sounds is given a label. Thus, the triad C-D-E containing two M2, and one 

M3, corresponds to ms2, being “2” the number of that interval present in the sonority.  

 

set p m n s d t Hanson 
symbol 

C-D-E 
7 5 4 8 3 9 2 10 1 11 6 

ms2 
  X    XX     

 

 

A more complex set, such as Eb-F-Ab-Bb-B, will have more intervals and correspondingly, a not 

so simple label. It possesses the six different type of interval, pmnsdt, some of them having more 

than one interval. Its label is p3mn2s2dtvi. 

 

set p m n s d t 
Hanson 
symbol 

Eb-F-
Ab-

Bb-Cb 

7 5 4 8 3 9 2 10 1 11 6 
p3mn2s2dt 

X XX  X XX  XX  X  X 

 

 
vi When there is only one interval of any type, it is represented by its letter only, for example d and not by d1. 

symbol 
interval (# 
semitones) 

p 7 5 
m 4 8 

n 3 9 
s 2 10 
d 1 11 
t 6 
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Once identified the symbols for all the trichords, Hanson starts referring to them as “the triads 

pns…”, “the triads ms2…” etc.  

 

The following is the complete list of Hanson symbols for the twelve possible triads, including also 

Forte’s namesvii: 

 

 
Trichords 

Forte Hanson 

012 3-1 sd2 
013 3-2 nsd 
014 3-3 mnd 
015 3-4 pmd 
016 3-5 pmdt 
024 3-6 ms2 
025 3-7 pns 
026 3-8 mst 
027 3-9 p2s 
036 3-10 n2t 
037 3-11 pmn 
048 3-12 m3 

 

Involution 

Hanson introduces the term “involution” to refer to the inverse ratio of an original sonority; 

that is, the projection downward from the lowest tone of the group maintaining the same intervals 

in the order they occur in the given chord. The involution is a sort of mirror of the original, and it 

always has the same intervals found in the original sonority.  

 

 

 
vii Through this article there will be references to Allen Forte due to our familiarity with his theory, and certain 
advantages of his symbology. 
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The Theory of Involution

Reference has already been made to the two-directional

aspect of musical relationship, that is, the relationship "up" and
"down" in terms of pitch, or the relationship in clockwise or

counterclockwise rotation on the circle already referred to. It

will be readily apparent that every sonority in music has a

counterpart obtained by taking the inverse ratio of the original

sonority. The projection dovon from the lowest tone of a given

chord, using the same intervals in the order of their occurrence

in the given chord, we may call the involution of the given

chord. This counterpart is, so to speak, a "mirror" of the

original. For example, the major triad C-E-G is formed by the

projection of a major third and a perfect fifth above C. However,
if this same relationship is projected downward, the interval C
to E has as its counterpart the interval |C to Aj^; and the interval

C to G has as its counterpart [C to F.

Example 3-1

B

17

HARMONIC MATERIALS OF MODERN MUSIC

It will be noted that the involution of a sonority always contains

the same intervals found in the original sonority.

There are three types of involutions: simple, isometric, and

enharmonic.

In simple involution, the involuted chord differs in sound from

the given chord. Let us take, for example, the major triad C-E-G,

which is formed by the projection of a major third and a perfect

fifth above C. Its involution, formed by the projection downward
from C of a major third and a perfect fifth, is the minor triad

'[F-A^-C. The major triad C-E-G and its involution, the minor

triad ^F-A^-C, each contain a perfect fifth, a major third, and a

minor third, and can be represented by the symbols pmn.

Example 3-2

i^m ^
In the second type of involution, which we may call isometric

involution, the involuted sonority has the same kind of sound as

the original sonority. For example, the tetrad C-E-G-B has as its

involution jDb-F-Ab-C.

Example 3-3

«^

18

HARMONIC MATERIALS OF MODERN MUSIC

It will be noted that the involution of a sonority always contains

the same intervals found in the original sonority.

There are three types of involutions: simple, isometric, and

enharmonic.

In simple involution, the involuted chord differs in sound from

the given chord. Let us take, for example, the major triad C-E-G,

which is formed by the projection of a major third and a perfect

fifth above C. Its involution, formed by the projection downward
from C of a major third and a perfect fifth, is the minor triad

'[F-A^-C. The major triad C-E-G and its involution, the minor

triad ^F-A^-C, each contain a perfect fifth, a major third, and a

minor third, and can be represented by the symbols pmn.

Example 3-2

i^m ^
In the second type of involution, which we may call isometric

involution, the involuted sonority has the same kind of sound as

the original sonority. For example, the tetrad C-E-G-B has as its

involution jDb-F-Ab-C.

Example 3-3
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There are three types of involutions: a) simple, b) isometric and c) enharmonic. 

a) Simple. The chord product of the involution has a different sound from the given chord. 

The major triad is a good example. Given the triad C-E-G, when the intervals are 

projected downward from C, the resulting chord, F-Ab-C, is a minor triad. C-E-G and its 

involution, F-Ab-C, both contain a P5, a M3 and a m3, and can be represented by pmn. 

 

 

 

b) Isometric. In this involution, the given chord and its projection downward from the lowest 

tone have the same kind of sound. For example, C-E-G-B has the involution Db-F-Ab-C. 

Each of these tetrads is a major seventh chord, containing two P5, two M3, a m3 and a 

M7; and they are characterized by the symbols p2m2nd.  

 

 

 

 

 

 

 

 

 

 

 

c) Enharmonic. In this type, the original sonority and its involution have the exact same 

tones in different octaves (except for the first tone). The augmented triad C-E-G#, for 
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THE THEORY OF INVOLUTION

Each of these is a major seventh chord, containing two perfect

fifths, two major thirds, a minor third, and a major seventh, and

can be characterized by the symbols p^irrnd, the exponents in

this instance representing two perfect fifths and two major thirds.

In the third type, enharmonic involution, the invohited sonor-

ity and the original sonority contain the same tones in different

octaves (except for one common tone). For example, the

augmented triad C-E-G# involutes to produce the augmented

triad ^F^-Ab-C, F^ and A^ being the equal-temperament equiva-

lents of E and G#. Another common example of enharmonic

involution is the diminished seventh chord

:

Example 3-4

« 3 .CK.

m I

All sonorities which are formed by the combination of a

sonority with its involution are isometric sonorities, since they

will have the same order of intervals whether considered "up"

or "down," clockwise or counterclockwise. We have already seen

that the involution of the triad C-E-G is jC-Ab-F. The two
together produce the sonority F3Ab4C4E3G, which has the same
order of intervals upward or downward.*

*The numbers indicate the number of half-steps between the tones of the
sonority.

19

example, when involuted, produces the augmented triad Fb-Ab-C. Due to equal 

temperament, Fb and Ab are equivalent to E and G#.  

 

 

 

 

 

 

 

 

 

 

 

 

The combination of any sonority with its involution (for example C-E-G + F-Ab-C), produces a 

new chord (F-Ab-C-E-G in the example) that is isometric, reading the same intervals up and 

down, with the same amount of semitones in between.  

Another example: 

  original:  C – E – G – B  

involution:  Db – F – Ab – C  

combination:  Db – F – Ab – C – E – G – B 
              4       3         4        4       3       4 

 

The axis of the involution does not necessarily have to be the lowest tone in the original sonority. 

For example, in the triad C-E-G, either E or G could be taken as axes. The combination of the 

original sonority with the involutions thus produced, generate different resulting chords that are 

all isometric in structure. 

original:  E – G – C 

involution:  E – G# – C#   (E as axis) 

combination:  C – C# – E – G – G# 
           1           3      3       1 

 

original:  G – C – E  
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If the tone E of the triad C4E3G is used as the axis of involu-

tion, a diflFerent five-tone sonority will result, since the involution

of E3G5C will be J^EsC^gGJ, forming together the sonority

GJgCfllsEaGgC. If the tone G is used as the axis of involution, the

involution of G5C4E will be J,G5D4Bb, forming together the

sonority Bb4D5G5C4E. These resultant sonorities will all be seen

to be isometric in structure. ( See Note, page 24.

)

Example 3-5

) (2) (3)

"^^", 44 '^%j|§ii r 33 .
' bS-i|-2"3 3 2

If two tones are used as the axes of involution, the result will

be a four-tone isometric sonority:

Example 3-6

5=^
313 343 434

In the first of the above examples, C and G constitute the

"double axis"; in the second C and E; and in the third E and G.

The discussion of involution up to this point does not differ

greatly from the "mirror" principle of earlier theorists, whereby
"new" chords were formed by "mirroring" a familiar chord and

combining the "mirrored" or involuted chord with the original.

At this point, however, we shall expand the principle to the

point where it becomes a basic part of our theory. When a major

triad is involuted—as in Example 3-2—deriving the minor triad

as the "mirrored" image of the major triad seems to place the

minor triad in a position of secondary importance, as the

reflected image of the major triad.

In the principle of involution presented here, no such second-

ary importance is intended; for if the minor triad is the reflected

image of the major triad, it is equally true that the major triad is

20

harmonic materials of modern music

Example 3-10

^ J J J >r U^J JuJ Ij jiiJ
Ji'^

ij^jjg^J i jj Ji'-^t

'fiJ^J^rU^jjtJJUjtJJtf^^i^rr^r'Ti^^

t ^^rrrr i juJJf ijJjtJ ^ i^^^^^UJ^tJ^P

I J J J ^ ^ i;ii.JtJbJ U|J J ^^^ Uj jj^^*^ i>J^^

(j^^jiJ^ri|J^^rr i jjJ^^ i ''^^rrri>ji>J^^^

Note: We have defined an isometric sonority as one which
has the same order of intervals regardless of the direction of

projection. The student should note that this bidirectional

character of a sonority is not always immediately evident. For
example, the perfect-fifth pentad in the position C2D2E3G2A3(C)
does not at first glance seem to be isometric. However in the
position D2E3G2A3C2(D), its isometric character is readily

apparent.
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involution:  Bb – D – G    (G as axis) 

combination:  D – E – G – Bb – C 
           2       3        3         2 

 

 

 

 
 

 

It is interesting to mention that a chord can be isometric but not every disposition of its tones 

may show that. In other words, not every possible arrangement of the intervals is the same when 

read up or down. In the last example above, if we order the chord as: 

 

E – G – Bb – C – D 
           3        3        2       2 

 

The isometric character is not evident here. Out of the five possible dispositions of the tones, 

only the one that starts on D shows that the sonority is isometric because the order of semitones is 

the reverse of the order in the original chord. 

The following are all isometric sonorities, though not necessarily presented in the disposition 

that shows this quality. 

 

 

 

 

 

 

 

 

Involutions are not limited to those that contain a common tone with the given chord. 

Actually, in the case of the sonority C-E-G, any minor triad (and not only F-Ab-C) is a possible 

involution. Thus, the B minor triad, the D minor triad etc, are all involutions of C major triad. 
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also the reflected image of the minor triad. For example, the

involution of the major triad C4E3G is the minor triad |C4Ab3F,

and the involution of the minor triad C3E[74G is the major triad

jCaA^F.

In order to avoid any implication that the involution is, so to

speak, a less important sonority, we shall in analyzing the sonori-

ties construct both the first sonority and its involution upward

by the simple process of reversing the intervallic order. For

example, if the first triad is C4E3G the involution of this triad

will be any triad which has the same order of half-steps in

reverse, for example F3Ab4C, the comparison being obviously 4-3

versus 3-4.

In this sense, therefore, the involution of a major triad can be

considered to be any minor triad whether or not there is an axis

of involution present.

In Example 3-7, therefore, the B minor, B^ minor, G$ minor,

F# minor, E^ minor, and D minor triads are all considered as

possible involutions of the C major triad, although there is no

axis of involution. When the C major triad is combined with any

one of them, the resultant formation is a six-tone isometric

sonority.

Example 3-7

m Ha m=^ b<i fc^« o
3 bo

"

ffi Hi^ "^

222 I

OgP^= m^^=j^

2 13 12

3 13 13 3 2 12 3

Wt >.. i
i

..i'« t
i'

btxhc^feo- m =»=sii^
3 12 13 M\i "°

2 2 3 2 2
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the theory of involution

Example 3-8

Involution'.^ IIIVUIUMUIIi ife
pmnsdt pmnsdt

^#
Using the lowest tone of each of the following three-tone

sonorities as the axis of involution, write the involution of each

by projecting the sonority downward, as in Example 3-5.

i

Example 3-9

2. 2o. 2b. 3o.

Sn
3b.

^5^= :x«o=
c^"* g o*> ^ W5^

i
4o. 4b.

7rt
5a. 5b. 6o. 6b.

tU^(*^ I o*^ =S^Q=^ :^^ ^^sT-^n 2og> Q
'
^'

7o. 7b. 8. 9. 10. lOo. lOb.

10 ^ -=ytbb-Q^^bt^oo'ro U'1% I ^tbt^^ 'ith^'^
llo. Mb. 12. 12a.

ft |bo gboM 2b<j^^

i

^nrgr

Solution:

^^f5=33= ^
12b.

ng»-

Ib. fl/C.

^^D»=mSijO-Zl-oU
"^^If ^15

-«s^l2

The following scales are all isometric, formed by the combina-

tion of one of the three-tone sonorities in Example 3-9 with its

involution. Match the scale in Example 3-10 with the appropriate

sonority in Example 3-9.
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Then the combination of the original and involution sonorities, as they do not share common 

tones, is a six-tone isometric sonority, instead of a five-tone one. 

 

  

 

 

 

Isomeric sonorities 

There are a few sonorities, which have the same components but are not involutions one of 

the other. They are called isomeric. It is the case for example of the tetrads C-E-F#-G and C-F#-G-

Bb. Both contain one P5, one M3, one m3, one M2, one m2 and one tritone (pmnsdt) but they are 

not involution of each other; they both have their own involution. 

 

 

 

 

 

The six basic tonal series 

It has been seen before that there are six types of internal relationship, considering such 

relationship up and down: the P5 and its inversion, the P4; the M3 and its inversion, the m9; the 

m3 and its inversion, the M6; the M2 and its inversion, the m7; the m2 and its inversion, the M7; 

and the tritone –augmented fourth and diminished fifth. Hence, we have the symbols p, m, n, s, d 

and t for each type. Given any collection of tones, it may have among its intervals, one interval 

that predominate, or a couple of interval that predominate, or the chord may be practically 

neutral in color. Thus, sonorities may fall into one of six great categories: perfect-fifth types, 

major-third types, minor-third types, etc. For example, among the six-tone sonorities (a total of 

forty nine), there are twenty-six dominated by one interval, twelve in which two intervals 

predominate, six with three intervals having equal strength and sis sonorities. 
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THE SIX BASIC TONAL SERIES

is, therefore, in terms of the projection of each of the six basic

intervals discussed in Chapter 2. By "projection" we mean the

building of sonorities or scales by superimposing a series of

similar intervals one above the other. Of these six basic intervals,

there are only two which can be projected with complete con-

sistency by superimposing one above the other until all of the

tones of the equally tempered scale have been used. These two
are, of course, the perfect fifth and the minor second. We shall

consider first the perfect-fifth projection.

Beginning with the tone C, we add first the perfect fifth, G,

and then the perfect fifth, D, to produce the triad C-G-D or,

reduced to the compass of an octave, C-D-G- This triad contains,

in addition to the two fifths, the concomitant interval of the

major second. It may be analyzed as ph.

Example 4-1

Perfect Fifth Triad, p^

m^ 2̂ 5

The tetrad adds the fifth above D, or A, to produce C-G-D-A,

or reduced to the compass of the octave, C-D-G-A. This sonority

contains three perfect fifths, two major seconds, and—for the

first time in this series—a minor third, A to C,

Example 4-2

Perfect FifthTetrad.p^ns^

m^ 2̂ 5 2

The analysis is, therefore, p^ns^.

The pentad adds the next fifth, E, forming the sonority

C-G-D-A-E, or the melodic scale C-D-E-G-A, which will be

recognized as the most familiar of the pentatonic scales. Its

components are four perfect fifths, three major seconds, two

28

 

The simplest way of studying the relationship of tones is to project each of the basic six 

intervals (p, m, n, s, d and t). To project means to superimpose a series of similar intervals one 

above the other.  

 

            …                … 

 

The only two intervals that are capable of yielding the twelve tones of the chromatic scale without 

repeating any tone (or its enharmonic) are the P5 and the m2. 

Present and absent 

The sound of a particular collection of tones –either presented as a melody or as harmony, 

and the way we perceive it, depends not only of the intervals present but also in the ones that are 

absent. For example, the pentad C-D-E-G-A (the familiar pentatonic 

scale) owes its particular sound to the preponderance of P5 along with 

the presence of M2, m3 and M3 (these intervals in decreasing 

progression), and also to the absence of the dissonant intervals of m2 (or M7) or tritone. 

 

set p m n s d t Hanson 
symbol 

C-D-E-G-A 
7 5 4 8 3 9 2 10 1 11 6 p4mn2s3 XX XX X  X X XXX     

 

Projection of the perfect fifth 

Beginning with the tone C, we add first the perfect fifth G, and then the perfect fifth D, to 

produce the triad C-G-D or, reduced to the compass of an octave, C-D-G. This triad contains, in 

addition to the two fifths, the concomitant interval of the major second. It may be analyzed as p2s. 

It is called the perfect-fifth triad. 
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is, therefore, in terms of the projection of each of the six basic

intervals discussed in Chapter 2. By "projection" we mean the

building of sonorities or scales by superimposing a series of

similar intervals one above the other. Of these six basic intervals,

there are only two which can be projected with complete con-

sistency by superimposing one above the other until all of the
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or reduced to the compass of the octave, C-D-G-A. This sonority

contains three perfect fifths, two major seconds, and—for the

first time in this series—a minor third, A to C,

Example 4-2

Perfect FifthTetrad.p^ns^

m^ 2̂ 5 2

The analysis is, therefore, p^ns^.

The pentad adds the next fifth, E, forming the sonority

C-G-D-A-E, or the melodic scale C-D-E-G-A, which will be

recognized as the most familiar of the pentatonic scales. Its

components are four perfect fifths, three major seconds, two

28PROJECTION OF THE PERFECT FIFTH

minor thirds, and—for the first time—a major third. The analysis

is, therefore, p^mnh^.

Example 4-3

Perfect Fifth Pentad, p^mn^s^

i

S
. o^ 2̂ 2 3 2

The hexad adds B, C-G-D-A-E-B, or melodically, producing

C-D-E-G-A-B,

Example 4-4

Perfect Fifth Hexod,p^nn^n^s^d

m1 4JJ
2 2 3 2 2

its components being five perfect fifths, four major seconds, three

minor thirds, two major thirds, and—for the first time—the
dissonant minor second (or major seventh), p^m^n^s'^d.

The heptad adds F#:

i

Example 4-5

Perfect Fifth Heptod.p^m^n^s^d^t

a^^•I ^ '
'2 2 2 I 2 2
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a^^•I ^ '
'2 2 2 I 2 2
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producing the first scale which in its melodic projection contains

no interval larger than a major second—in other words, a scale

without melodic "gaps." It also employs for the first time the

interval of the tritone (augmented fourth or diminished fifth),

C to FJf. This sonority contains six perfect fifths, five major

seconds, four minor thirds, three major thirds, two minor seconds,

and one tritone: p^m^n'^s^dH. (It will be noted that the heptad

is the first sonority to contain all of the six basic intervals.

)

The octad adds Cfl::

Example 4-6

Perfect Fifth Octod. p^m^ n ^s^ d^ t^

Am

«5i=5
12 2 12 2

Its components are seven perfect fifths, six major seconds, five

minor thirds, four major thirds, four minor seconds, and two

tritones: p^m'^n^s^dH^.

The nonad adds G#:

Example 4-7

Perfect Fifth Nonad, p^m^n^s^d^t^
J^m— =

m
iff I ? 9

m
Its components are eight perfect fifths, seven major seconds, six

minor thirds, six major thirds, six minor seconds, and three

tritones: p^m^n^s^dH^.
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Afterwards, the addition of another P5, with the tone A, forms the perfect-fifth tetrad C-G-D-A, 

which contains three perfect fifths, two major seconds, and—for the first time in this series—a 

minor third, A to C. 

 

 

 

 

Subsequent additions of another perfect fifth above will produce the perfect-fifth pentad (C-G-D-A-

E), the perfect-fifth hexad (C-G-D-A-E-B), the perfect-fifth heptad (C-G-D-A-E-B-F#) and so on. All 

these groups can also be presented melodically, in a scalar formation that shows the interval –in 

number of semitones. 
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The heptad is the first sonority that contains all 

the different types of intervals, since it is the 

first time that the tritone appears. Hence, when 

the projection is carried over seven tones, no 

new intervals can be added. Moreover, on top 

of this loss of new materials, there is a decrease 

in the difference of the quantitative formation 

of the sonorities. The octad has the same 

amount of M3 and m2; the nonad has an equal 

number of M3, m3 and m2; the decad contains 

as many M3 as m3, M2 and m2. When the 

eleven- and twelve-tone sonorities are reached, 

there is no differentiation.  

 

As a matter of fact, when sonorities are projected beyond the six-tone series they tend to lose their 

individuality. All seven-tone series, for example, contain all of the six basic intervals, and the 

difference in their proportion decreases as additional tones are added. Hanson sustains that the 

essential element of contrast in a composition is lost when the composer uses the twelve tones of 

the chromatic scale in a simple melodic or harmonic pattern. The music thus conceived tends to 

sound monochromatic with patterns that have little or no particular identity. 

Harmonic-melodic material of the perfect-fifth hexad 

For the reasons stated above, the six-tone combinations are the ones that offer the greatest number 

of different sonorities (or sets, or chords, or scale types –if presented in a scalar way). In order to 

have a study that is manageable, different dispositions of the same group of tones will be considered 

as one type of sonority. Thus, C-D-E-G-A is the same as E-G-A-C-D or D-E-G-A-C. And 

enharmonic tones are also considered different spelling of the same sound and hence, equivalent. 

 
viii Numbers correspond with the tones in the order they are introduced. Dispositions are not necessarily their most 
compact versions, their prime forms. 

Perfect- Fifth Series Hanson 

 # tones tonesviii  

doad 2 07 p 

triad 3 027 p2s 

tetrad 4 0279 p3ns2 

pentad 5 02479 p4mn2s3 

hexad 6 02479e p5m2n3s4d 

heptad 7 024679e p6m3n4s5d2t 

octad 8 0124679e p7m4n5s6d4t2 

nonad 9 01246789e p8m6n6s7d6t3 

decad 10 012346789e p9m8n8s8d8t4 

undecad 11 012346789te p10m10n10s10d10t5 

duodecad 12 0123456789te p12m12n12s12d12t6 
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The perfect-fifth hexad contains six types of triads, seven types of tetrads and three types of 

pentads. Some of the subsets are possible on notes other than C, and some have an involution. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

For each sonority, Hanson provides an explanation, in order to explain how it is produced as the 

combination of two transpositions of one same interval played together. For example, the tetrad 

A-B-C-D can be explained as two m3 at the distance of a M2, or two M2 at a m3. 

 
ix If one starts on the tone E and proceeds downward, EGAG, produces the identical tones. 
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Type Set Forte Involution Isometric Hanson 

Triads 

C D G  3-9   p2s 

C G A  3-7 C D A   pns 

C E G  3-11 A C E   pmn 

C G B  3-4 C E B   pmd 

C D E  3-6   ms2 

B C D  3-2 A B C   nsd 

 

Tetrads 

C D G A  4-23   p3ns2 

C D E G  4-22 A C D E   p2mns2 

C E G A  4-26  xix p2mn2s 

C E G B  4-20  x p2m2nd 

C D G B  4-14 C E A B   p2mnsd 

G A B C  4-11 B C D E   pmns2d 

A B C D  4-10  x pn2s2d 

 

Pentads 

C D E G A  5-35   p4mn2s3 

C D E G B  5-27 C E G A B   p3m2n2s2d 

G A B C D  5-23 A B C D E   p3mn2s3d 
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Projection of the minor second 

Likewise, beginning with the tone C, we can proceed by superimposing an interval of a m2, the 

tone C#, then another m2, D# etc. As said before, it is possible to obtain the twelve tones of the 

chromatic scale by this procedure, but the study limits to the hexad, C-C#-D-D#-E-F, which is 

known as the minor-second hexad. 
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Type Set Forte Involution Isometric Hanson 

Triads 

CC#D  3-1   sd2 

CC#D# 3-2 CDEb  nsd 

CC#E 3-3 CD#E  mnd 

CDbF 3-4 CEF  pmd 

CDE 3-6  x ms2 

CDF 3-7 CEbF  pns 

 

Tetrads 

CC#DD# 4-1  x ns2d3 

CC#DE 4-2 CDD#E  mns2d2 

CC#D#E 4-3  x mn2sd2 

CDbEF 4-7  x pm2nd2 

CC#DF 4-4 CD#EF  pmnsd2 

CDbEbF 4-11 CDEF  pmns2d 

CDEbF 4-10  x pn2s2d 

 

Pentads 

CC#DD#E 5-1  x pm2n2s2d3 

CC#DEF 5-3 CC#D#EF  pm2n2s2d3 

CC#DEbF 5-2 CDD#EF  pmn2s3d3 
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Projection of the major second 

The projection of the interval of the major second is taken up to the six-tone sonority. One more 

major second would obtain a sound, B#, that is enharmonic of the first tone C.  

The superposition of two M2 forms the major-second triad, ms2; then the major-second tetrad, 

m2s3t; the major second pentad, m4s4t2; and finally the major second hexad, the whole tone scale, 

m6s6t3.  

In order to produce a seven-tone scale, a foreign tone may be added, situated a perfect fifth from 

the first tone, C. 

 
 

 

 

The inclusion of this note brings about the intervals missing so far, the m3, m2 and tritone. 

 

 

 

 

  

 

 

 

 

 

The projection continues by superimposing a major second upon this new tone, obtaining A; then 

one more major second, the tone B, and so on, until the twelve tones of the chromatic scale 

appear. Like the perfect fifth and the second-major projections, it is useful to analyze all the 

sonorities that this new projection involves.  

FURTHER PROJECTION OF THE MAJOR SECOND

C D s

C D E ms^

C D E F# rn^sH

CD E F# G# mHH^
CD E F# G# A# m^sH^

CD E F# G G# A# fm^nhHH^
CD E F# G Gt A A# fm^n's'dH^
CD E F# G G# A A# B p^ni^n^s^dH^

C C# D E F# G Gif A A# B p'm'n's'dH^

C C# D D# E F# G G# A A# B ^10^10^10^10^10^5

C C# D D# E E# F# G G# A H B ^12^12^12^12^12^6

We have already observed that the six-tone major-second scale

contains only the intervals of the major third, the major second,

and the tritone. The addition of the tone G to the six-tone scale

preserves the preponderance of these intervals but adds the new
intervals of the perfect fifth, C to G and G to D; the minor

thirds, E to G and G to B^; and the minor seconds, F# to G and

GtoAb.
It adds the isometric triad ph, C2D5G; the triad pns, G7D2E,

and the involution Bb2C7G; the triad pmn, C4E3G, and the

involution GsB^^D; the triad pmd, G7D4F#, and the involution

Ab4C7G; the triad mnd, EsGiAt), and the involution F^iGsBb;

the triad nsd, GiAb2Bb, and the involution E2FJt:iG; the two iso-

metric triads, sd^, FJiGiAb, and nH, EgGsBb; and the triad pdt,

CeF^iG, with the involution GiAfjeD.

The addition of these triad forms to the three which are a

part of the major-second hexad, ms^, rrf, and mst, gives this

seven-tone scale all of the triad types which are possible in the

twelve-tone scale.

£!i

Example 10-8

pns and involution pmn and involution
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Besides the aforementioned major-second triad and major-second tetrad, there are other three- 

and four-tone sonorities: the triads C-E-G#, m3, and C-D-F#, mst; and the tetrads C-D-E-G#, 

m3s2t, and C-E-F#-A#, m2s2t2.  

 

 

Projection of the minor third 

The projection of the interval of the minor third second is limited to the four-tone sonority: C-Eb-

Gb-Bbb. Another minor third would result in the tone Dbb, enharmonic of the first tone C.  

 

 

 

 

Again, in order to obtain sonorities beyond this limit, a foreign tone placed a perfect fifth above 

the first tone C, is added, the tone G. Then, the procedure continues with minor thirds, obtaining 

the tones Bb, Db and Fb.  

 

 

… 

 

Now another tone situated a perfect fifth above G is added, D. Subsequent minor thirds upon this 

tone D, the tones F, Ab and C complete the chromatic aggregate.  

The minor third projection produces:  

- the triads  

o C-Eb-Gb and Eb-Gb-A (the diminished triad), n2t 

o C-EbG and Eb-Gb-Bb (minor triad), pmn 

o C-G-A and Eb-Bb-C, pns 

o Gb-G-A and A-Bb-C, nsd 

o Eb-G-A and Gb-Bb-C, mst 
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o Eb-Gb-G and Gb-A-Bb, mnd 

o C-Gb-G and Eb-A-Bb, pdt  

- the tetrads  

o C-Eb-Gb-A (the diminished seventh chord), n4t2 

o C-Eb-G-Bb (the minor seventh chord, that is isometric), p2mn2s 

o G-A-Bb-C (also isometric), pn2s2d 

o C-Eb-Gb-Bb (the half-diminished seventh chord), pmn2st 

o C-Eb-Gb-G, pmn2dt 

o Gb-G-A-C, pn2sdt 

o Eb-Gb-G-A, mn2sdt 

o C- Gb-G-Bb, pmnsdt 

o Eb-G-A-Bb, pmnsdt 

- the pentads 

o C-Eb-Gb-G-A, pmn4sdt2 

o C-Eb-Gb-G-Bb, p2m2n3sdt 

o C-Eb-G-A-Bb, p2mn3s2dt 

o Eb-Gb-G-A-Bb, pm2n3sd2t 

o Gb-G-A-Bb-C, pmn3s2d2t 

 

As it can be seen, the complexities due to the inclusion of a foreign tone produce a greater number 

of different sonorities. From now on, the different sonorities that occur in the next projections will 

not be included in this text. 

Projection of the major third 

The major third projection suffers from the same limitation as major-second and minor-third 

projections. After superimposing two intervals of major third, obtaining E and G#, a new major 

third would produce B#, enharmonic of C. Therefore, it is necessary to include a foreign tone 

right here; one situated a perfect fifth above C, which is G. Two more major thirds can be placed 

above it, obtaining the tones B and D#, and once again, the possibilities run out. Another foreign 
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tone, D, is added and two more M3 can be placed above it to obtain the tones F# and A#. One 

last foreign tone, A, is necessary to continue further, obtaining the tones C# and E# that 

complete the aggregate. 

 

 

 

 

 

 

The study of the present sonorities –thirds, tetrads and pentads– will be limited to the hexad C-

D#-E-G-G#-B, p3m6n3d3. 

Projection of the tritone 

The tritone is a strategic interval. Three of the six-tone series studied contain no tritone: the 

perfect-fifth, the minor-second and the major-third series. The other two do contain tritones, the 

major-second and minor-third series. The tritone itself is not useful as a unit to project because it 

runs out after superimposing two intervals of the same type: C-F#-B# (C). 

So, the tritone projection must be formed by superimposing this interval upon the sclaes or 

sonorities that do not have themselves tritones; for example, the perfect-fifth series. The order of 

apparition of the tones will be then: C – F# – G – C# – D – G# – A – Eb – E – Bb – B – F. 

The hexad thus formed, has a preponderance of tritones, with perfect fifths and minor seconds as 

intervals of secondary importance. It is quite dissonant but possesses very interesting material. 

 

  

 

Projections of triads 

Once the possibilities of finding new sonorities with the projection of single intervals have been 

fully explored, it is time to project triad forms. There are five triads that contain three different 

intervals, and that exclude the tritone; they are the triads: pmn, pns, pmd, mnd and nsd. The 

procedure is to superimpose the same type of triad upon the perfect fifth of the first tone of the 
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given sonority. Thus, given the triad pmn C-E-G, another triad pmn is placed starting on G, 

obtaining the tones C-E-G + G-B-D, that is the pentad C-E-G-B-D, p3m2n2s2d, one of the fifths 

that appeared in the perfect-fifth projection. 

Superimposing the same triad pmn upon the M3 of the first tone now, upon E, it is obtained: C-E-

G + E-G#-B à C-E-G-G#-B, the pentad p3m4n3s2d2t. Continuing similarly more five- and six-

tone sonorities are obtained, which bring about triads, tetrads and pentads, some existing in the 

previous perfect-fifth and minor-second projections, and some new.  

Other projections  

After exhausting the possibilities of the projections with triads with no tritone, other combinations 

are explored. They include the projections of pair of intervals: m3+P5, m3+M3, m3+M2,  

m3+m2, P5+M3 and M3+m2. Again, to include here all the different sonorities and their 

connotations goes beyond the scope of this paper. However, let’s observe how the different 

pentads appear along successive projections. Again, in order to easily verify the completeness of 

Hanson process, it is useful to refer the different pentads by their Forte names. For each pentad 

only it is indicated –with the blue boxes– the first time it appears. It is necessary to explore the 

projection of all those combinations to find the thirty-eight possibilities with five tones. The same 

occurs with smaller and larger groups. 

 

Projections 

 P5 m2 M2 m3 M3 TT 
pmn
-TT 

pmn pns pmd 
mn
d 

nsd 
m3
+P5 

m3
+M

3 

m3
+M

2 

m3+
m2 

P5+
M3 

M3
+m
2 

5-1                   
5-2                   
5-3                   
5-4                   
5-5                   
5-6                   
5-7                   
5-8                   
5-9                   

5-10                   
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Complementary scales 

Hanson devotes the last part of his book to talk about the theory of complementary scales. Every 

sonority has a complementary sonority –formed by the tones of the chromatic scale that are absent 

in the former– and that has the same type of intervallic analysis. A major triad, for example, will 

have a counterpart, a nine-tone chord, which is saturated of major thirds, and whose intervallic 

analysis shows a preponderance of perfect fifths, major thirds and minor thirds, the intervals 

present in its partner, the triad. This nonad is called the projection of the major triad, because it is 

like an expansion of the triad to the nine-tone order. 

5-11                   
5-12                   
5-13                   
5-14                   
5-15                   
5-16                   
5-17                   
5-18                   
5-19                   
5-20                   
5-21                   
5-22                   
5-23                   
5-24                   
5-25                   
5-26                   
5-27                   
5-28                   
5-29                   
5-30                   
5-31                   
5-32                   
5-33                   
5-34                   
5-35                   
5-36                   
5-37                   
5-38                   
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Chart 

Harmonic Materials of Modern Music includes a chart called “The Projection and Interrelation of 

Sonorities in Equal Temperament”. It is a complex web of relationships between sonorities, 

showing subsets and supersets, complementary sets, the Hanson symbols, and the order of 

semitones when the chord is presented as a scale. To comprehend this chart one has to proceed 

from the bottom top, and from right to left, until reaching the hexads. Then continue upward but 

from left to right until reaching the decads. Complementary sonorities are placed in opposite sides 

of the chart, according to a horizontal axis. Crosses indicate which subsets are included in the 

chords placed next to them. This is an example of how the chart looks: 
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Comparison 

Hindemith and Hanson’s approach to the topic of harmonic materials is quite different. While 

one of the most important aspects Hindemith introduced was series 1 and 2 –with all the 

reasoning process that preceded them. The idea of having a hierarchy of intervals, both melodic 

and harmonic, is a useful tool for analysis and composition. And it could be the first step into 

something more rigorous that it is still to come. Hindemith attempts to be more inclusive in the 

materials feasible to be used, but he is still fundamentalist in keeping out the things he considers 

useless. He is far from considering everything as part of his harmonic language and he is honest 

about it. 

The other important conclusion of Hindemith’s work is his table of chords. It is a plausible 

attempt to organize the possible sonorities in a rational way. But he fell short. Even though 

Hindemith states that he had no intention to be exhaustive, the table is too far from being 

thorough and it is not completely rigorous.  

Limitations of Hindemith’s table of chords 

Besides the design –that is a little confusing, especially for group B, the table of chords presents 

some inconsistencies.  

a) some chords can belong to one subgroup or another depending on its voicing. For example, 

the trichord (027), when disposed as a quartal trichord, belongs to group V but when 

arranged in a close position, it belongs to group III.  

b) The group VI says “Indeterminate. Tritone Predominating”. The chords that appear there 

are basically two: the diminished triad and the fully diminished chord. The diminished triad 

has only one tritone while subgroup II.b.3 says “Containing more than one tritone”. True, 

in this case, these chords have other intervals along with the tritone, but it is still confusing. 

c) In the group II.b.3 Hindemith presents four chords and writes “etc.”, suggesting that there 

are more chords like that. Two of the chords there presented are the same, Forte 4-25 and 

this tetrad is actually the only one (out of the three tetrads with more than one tritone as the 
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description of the subgroup says) that has no minor secondx. And as for pentads, there is no 

pentad other than the one he presents as an example, (0248t), Forte 5-33, that fulfills the 

requirements of this subgroup. And the other chord presented as an example is the hexad 

(02468t), Forte 6-35, the whole tone scale. No other group of tones belongs to II.b.3. In 

Hanson’s terms, we can conclude that the subtype II.b.3 is formed only by trichords, 

tetrachords, pentachords or hexachords derived from the projection of the major second. 

d) To have subgroups 1. and 2. for groups III and IV, just based on where the root is 

positioned, in the bass or in a higher voice, is arguable, because it does not change the 

quality of those chords, given the complexity of them. The situation is identical with 

subgroups II.b1 and II.b2, which differentiate from each other in the position of the root (in 

the bass or not), but chords essentially remain the same, no matter the disposition.  

e) Chords that belong to Group II contain tritones but lack minor seconds or major sevenths 

(intervals 1 and 11). A further subdivision considers the subtype II.a –with no major second 

either but with minor seventh. Hindemith shows here the seventh dominant chord, complete 

as a tetrad and incomplete –lacking the fifth. The tetrad also corresponds to the German 

Augmented sixth. Only one chord belongs to this subgroup: (047t), Forte 4-27, whose prime 

form is (0258). But if one does the involution of this chord, one obtains the half-diminished 

seventh chord. And this chord appears listed by Hindemith in the II.b.2.  

Hanson 

Hanson’s work is systematic, methodical and comprehensive. The chart he arrives at, even 

though is complex and may not be grasped immediately by every student, it is consistent and it 

does not present flaws. On the other hand, he associates the sonorities with characteristic 

intervals, and presents them in a scalar way, what makes more sense than just the pitch class sets 

presented by Forte some fifteen years later. Besides, Hanson always relates de sonorities he is 

encountering through the projections with examples of real music. Thus, excerpts by Stravinski, 

Wagner, Copland, Schönberg, Vaughan-Williams, Bartok, Messiaen and many other 

contemporary composers, abound.  

 
x The other two are (0167), Forte 4-9 and (0369), Forte 4-28. The tetrad (0167) has two minor seconds and the tetrad 
(0369) is the fully diminished seventh chord, one of the two chords of group VI. 



      39 
 

Hanson’s writing style is direct and step-by-step, very pedagogical. Hindemith’s prose, on the 

other hand, is very descriptive, a little literary sometimes; and it becomes somewhat subjective at 

moments.  

 

The following are integrated tables with Hanson’s symbols for all the triads, tetrads, pentads, 

hexads, heptads, octads and nonads, and their relationship with the different chords in 

Hindemith’s classification. They also include the prime form for each group, Allen Forte’s name 

and interval vector. Forte’s theory provided a good departure point in order to cover all the 

possible sonorities. Hanson’s symbols could then be easily calculated from the interval vector (and 

confirmed with his own labeling in his book) and finally each chord was classified according to 

Hindemith’s criteria.  

 

Triads 
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Tetrads 
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Pentads 
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Hexads 
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Heptads 
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Octads 
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Nonads 
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Analysis 

In order to show both Hanson and Hindemith’s theories in action, I analyzed the first prelude of 

“Twenty-Four Préludes”, opus 11, by Alexander Scriabin, composed in 1895.  

 

Sonority C - D - E - F - G - A   

Root ( C ) G  C  C  
Forte 
Name 6-32  

Hindemith 
Group III III 
Hanson 
symbol  

 

 
Sonority F - G - A - B b - C - D  C - D - E - F - G - A  

Root …(C) F  D  A  
Forte 
Name 6-32 6-32 

Hindemith 
Group III III 

Hanson 
symbol  
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Sonority C - D - E - F - G - A  C - D - E - F - G - A - B   

Root  D  G  ( C ) G  
Forte 
Name 6-32 7-35  

Hindemith 
Group III IV III 

Hanson 
symbol    

 

 

 

 
Sonority C - D - E - F - G - A  A - B - C - D - E - F - G #  

Root ( C ) G  C  ( A ) E  
Forte 
Name 6-32 7-32 

Hindemith 
Group III IV  
Hanson 
symbol   
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Sonority  D # - E - F # - G - A - B - C  C #  - D   

Root  A  D #  E  C #  

Forte 
Name 7-32 7-32 7-32 

Hindemith 
Group IV IV IV 

Hanson 
symbol   

 

 

 

 

Sonority 
- E - F - G - A -

B b  
C - D - E -

F - A b  
C - D - E -

G  
D - E - F # -

A b - C  
C - D - E -

F - A  
 

Root    D  F  G  A b  D  G  
Forte 
Name 7-32 5-26 4-22 5-33 5-27 6-33 

Hindemith 
Group IV IV III II.b.3 III IV 

Hanson 
symbol       
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Sonority D - E - F - G - A - B  C - D - E - G - A  

Root  ( C ) G   
Forte 
Name 6-33 5-35 

Hindemith 
Group IV III 

Hanson 
symbol   

 

 

 

 
Sonority C - D - E - G - A  

Root ( C ) G  C   
Forte 
Name 5-35 

Hindemith 
Group III 

Hanson 
symbol  
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Sonority C - D - E - G - A  

Root ( C ) G  C   
Forte 
Name 5-35 

Hindemith 
Group III 

Hanson 
symbol  

 

 


